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Abstract
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It6 process models for complete markets. The mathematical tools used are those of optimal
stopping theory, continuous-time martingales, convex analysis and duality theory. Several ex-
amples are solved explicitly, including one which demonstrates that optimal strategies need not

always exist.

SIAM Journal on Control & Optimization, to appear.

AMS 1991 Subject Classifications: Primary 93E20, 90A09, 60H30; Secondary 60G44, 49N15,

90A16.

Key Words: Utility maximization, stochastic control, optimal stopping, variational inequality, du-

ality, convex analysis, martingale representation.

*Research supported in part by the National Science Foundation, under Grant NSF-DMS-97-32810. We are
indebted to the Associate Editor and the Referees for their very careful reading of the first version of this paper,
and for their many helpful suggestions. In particular, the open problem presented in Appendix B was inspired by

suggestions from one of the Referees.



1 Introduction

Problems of expected utility maximization go back at least to the seminal articles of Samuelson &
Merton (1969), Merton (1971), and have been studied extensively in recent years, for instance by
Pliska (1986), Karatzas, Lehoczky & Shreve [KLS] (1987) and Cox & Huang (1989). Most of this
literature shares the common setting of an agent who receives a deterministic initial capital, which
he must then invest in a market (complete or incomplete) so as to maximize the expected utility
of his wealth and/or consumption, up to a prespecified terminal time.

In this paper we consider a variant of these problems by allowing the agent freely to stop
before or at a prespecified final time, in order to maximize the expected utility of his wealth and/or
consumption up to the stopping time. The assets available to the agent can be traded continuously,
without restrictions, frictions or transaction costs; they consist of a locally riskless money-market,
and m risky stocks. (One can think, for example, of an investor or mutual fund manager, who tries
to invest /consume as skilfully as possible, before “retiring” from the stock market and putting all his
holdings in the money-market.) The stock-prices are driven by m independent Brownian motions;
these represent the sources of uncertainty in the market model, which is assumed to be complete
in the sense of Harrison & Pliska (1981). The market coéfficients, i.e., the money-market rate,
the stock—appreciation rates, and the matrix of stock-volatilities, are bounded random processes
adapted to the driving m-dimensional Brownian motion.

The utility maximization problem studied here involves aspects of both optimal stopping and
stochastic control. Such problems also arise in situations like pricing American Contingent Claims
under constraints, selecting trading strategies in the presence of transaction costs with an American
option held in the portfolio, target-tracking followed by a decision (to engage the target, or not),
etc.; see Karatzas & Kou (1998), Davis & Zariphopoulou (1995), Davis & Zervos (1994), as well as
Karatzas & Sudderth (1999) for such problems in different contexts. The free-boundary problem
approach, based on an associated Hamilton—Jacobi-Bellman (HJB) equation of dynamic program-
ming, is inadequate for the analysis of the general version of our model, which is not Markovian.
Instead, duality theory plays an important role, and leads to a family of pure optimal stopping
problems which is even more amenable to analysis. Duality approaches have been used with success
in treating portfolio optimization problems for financial markets which are incomplete or impose
constraints on portfolio choice, as in Karatzas, Lehoczky, Shreve & Xu [KLSX] (1991), Shreve &
Xu (1992) and Cvitani¢ & Karatzas (1992).

The model and the utility maximization problem are described in Sections 2—-5. We present a
solution in Section 6 using a duality approach. However, this solution is not quite satisfactory, in
the sense that it leads to computationally tractable results only in very special cases and does not
shed much light on the general question of existence of optimal strategies. We then introduce and
analyze a family of pure optimal stopping problems in Sections 7-8. In terms of these, we are able
to provide conditions which guarantee the existence of optimal strategies. In Section 9, several
examples are presented, one of which demonstrates that optimal strategies need not always exist.
For completeness, we treat in the Appendix (Section 10) an example which can be solved explicitly
using a free-boundary problem for the associated HJB equation. In a second Appendix (Section
11) we formulate an open problem, suggested by the referee, where consumption continues past the
time of retirement from the stock-market.

It is hoped that the analysis in this paper will serve as a step towards establishing a general
theory for stochastic control problems with discretionary stopping in continuous time, possibly



along the lines of the Dubins—Savage (1965) theory for discrete-time “leavable gambling problems”
developed in Chapter 3 of Maitra & Sudderth (1996).

Remark 1.1: We denote by “standing assumption” those conditions that are always in force through-
out the paper; they will not be cited in theorems. And “assumption” stands for those conditions
which are in force only when theorems specifically cite them.

2 The market model
We adopt a model consisting of a money-market, with price Py(-) given by
(2.1) dpo(t) = P()(t)T’(t) dt, Po(()) =1

and of m stocks with prices-per-share P;(-) satisfying the equations

(2:2) dP;(t) = Pi(t) [bi(t)dt + Y oy(dWy(t) |, i=1,---,m.
j=1
Here W(-) = (W1(:), -+, Wpn,(+))* is an m-dimensional Brownian motion on a complete probability

space (Q,IF,IP). We shall denote by F = {F;}o<;<r the P—augmentation of the filtration gen-
erated by W(-). The coéfficients of the model, that is, the scalar interest rate process r(-), the
vector process b(-) = (bi(+), -+ , by (+))* of appreciation rates, and the matrix-valued volatility pro-
cess () = (045())1<; j<m> are assumed to be bounded, and progressively measurable with respect
to IF. All processes encountered throughout Sections 2-9 of the paper will be defined on the fixed,
finite horizon [0, T7.

Standing Assumption 2.1: We assume that || b(t) | < L, |r(t)| < L, V0 <t <T hold
almost surely, for some given real constant L > 0.

Standing Assumption 2.2: The process o () satisfies the strong non-degeneracy condition
oty gz el €17, V(1€ €[0,T] x R™
almost surely, for some given real constant € > 0.
From Standing Assumption 2.2 the matrices o(t), o*(t) are invertible, and the norms of (o(¢))~!
1

and (o*(t))~! are bounded from above and below by § and §~!, respectively, for some § € (1, 00);
cf. Karatzas & Shreve (1991), page 372. We also define the “relative risk” process

(2.3) a(t)

where 1,,, = (1,---,1)*, the discount process

(2.4) (1) 2 Pol(t) - exp{— /0 ") ds},




the exponential martingale (or likelihood ratio process)

(25) 2 2 {~ [06awes -1 [ o s},

and the state-price-density process

(2.6) H{(t) =~(t)Zo(t).

3 Portfolio and wealth processes

A portfolio process m(-) = (m1(+),--- ,mm(-))* is R™—valued, and a consumption process c(-) takes
values in [0, 00); these are both IF—progressively measurable, and satisfy

T T
2
/0 c(t)dt+/0 | 7() |12 dt < oo

almost surely. We regard m;(t) as the proportion of an agent’s wealth invested in stock ¢ at time
t; the remaining proportion 1 — 7*(¢)1,, =1 — ", m;(t) is invested in the money-market. These
proportions are not constrained to take values in the interval [0, 1]; in other words, we allow both
short-selling of stocks, and borrowing at the interest rate of the bond. For a given, nonrandom,
initial capital z > 0, let X(-) = X®™¢(.) denote the wealth-process corresponding to a portfo-
lio/consumption process pair (m(-),c(-)) as above. This wealth-process is defined by the initial
condition X*™¢(0) = x and the equation

dX(t) = im(t)X(t) dt+ZaU £)dW; (t +{1—Zm } r(t) dt — c(t) dt
i=1

7j=1
3.1) = rOXO)dt+ X))o ()dWo(t) — e(t) dt, X(0) =z >0,

where we have set

(1>

(3.2) Wo(t) 2 W(t) + /Ote(s) ds, 0<t<T

In other words,

(3-3) d (y(H) X)) = ()X 7" (H)o(t) dWo(t) —y(B)e(t) dt,  0<t<T.

The process Wy(-) of (3.2) is Brownian motion under the equivalent martingale measure
A

(3.4) Po(A) =E[Zo(T)14], AeFp,

by the Girsanov theorem (section 3.5 in Karatzas & Shreve (1991)). We shall say that a port-
folio/consumption process pair (m,c) is available at initial capital x > 0, if the corresponding
wealth-process X ™¢(+) of (3.3) is strictly positive on [0,7], almost surely.

An application of It6’s rule to the product of the processes Zy(-) and ~(-) X*™¢(-) leads to

35)  HE)X (1 /H ds:x+/ H () X™(5) (0" (s)m(s) — 0(s))* dW (s).
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This shows, in particular that for any pair (m,c) available at initial capital x > 0, the process
H()X®™e() + fo s)ds is a continuous, positive local martingale, hence a supermartingale,
under IP. Consequently, the optional sampling theorem gives

(3.6) E [H(m)X"™(T /H ds] x; vVTes.

Here and in the sequel, we denote by Ss; the class of IF—stopping times 7 : @ — [s,t] for
0<s<t<T,andlet S = Syr.

4 Utility function

A function U : (0,00) — R will be called wutility function, if it is strictly increasing, strictly
concave, continuously differentiable, and satisfies

(4.1) U'(04) 2 lim U (x) = 00, U'(c0) 2 lim U () =

We shall denote by I(-) the (continuous, strictly decreasing) inverse of the marginal-utility function
U’(+); this function maps (0, 00) onto itself, and satisfies I(0+) = oo, I(o0) = 0. We also introduce
the Legendre-Fenchel transform

(4.2) U(y) = max[U(z) —ay] = U(I(y)) —yl(y), 0<y<oo

of —U(—=x); this function U(-) is strictly decreasing and strictly convex, and satisfies

(4.3) U'ly) = —Ily v, 0<y<oo,

(4.4) U(x) = 1;1>1n [U(y) +zy] = UU' (z)) +2U'(z), 0<z<oo.

The inequality
(4.5) Ul(y) 2U(x) +yll(y) —z,  Vz>0,y>0

is a direct consequence of (4.2).

5 The optimization problem

The agent in our model has time-dependent utility of the form fg e 95U (c(s)) ds + e PtU (),
with # > 0 a real constant. The utility functions Uj(-), Ua(-) measure his utility from consumption
and wealth, respectively, whereas § stands for a discount factor. If the agent uses the portfo-
lio/consumption strategy (m,c) available at initial capital > 0, and the stopping rule 7 € S, his
expected discounted utility is

(5.1) J(x;m e, T) = E [/OT ethUl (c(t)) dt + eiﬁTUQ(Xx’W’C(T))



The optimization problem considered in this paper is the following: to maximize the expected
discounted utility in (11.5), over the class A(x) of triples (m, ¢, T) as above, for which the expectation
in (5.1) is well-defined, i.e.,

(5.2) E [/0 e’ﬁth (c(t)) dt + e*ﬂTUQ’(Xx’”’C(T)) < 0.
[Here and in the sequel, x~ denotes the negative part of the real number x, namely z~ =

max(—z,0).] The value-function of this problem will be denoted by

(5.3) Vix) sup  J(x;m, e, T), x € (0,00).

(m,e,m)EA()

We say that the value V(z) is “attainable”, if we can find a triple (7, ¢,7) € A(z) with V(x) =
J(x, 7, ¢ 7); such a triple is then called “optimal” for the problem of (11.7). To ensure that this
problem is meaningful, we impose the following assumption throughout.

Standing Assumption 5.1: V(z) < 0o, for all z € (0,00).

It is fairly straightforward that the function V'(-) is increasing on (0,00). However, it is not clear
at this stage whether V'(-) is concave or not. We shall discuss this issue in Section 8.
Remark 5.1: A sufficient condition for Standing Assumption 5.1 is that

(5.4) max{U;(z), Ua(z)} < k1 +koa®, V€ (0,00)

holds, for some k1 >0, k2 >0, 6 € (0,1); cf. Remark 3.6.8 in Karatzas & Shreve (1998).

6 Duality Approach

For any fized stopping time 7 € S, we denote by Il (z) the set of portfolio/consumption process
pairs (7, ¢) for which (7, ¢, 7) € A(z). The solution of the utility maximization problem

(6.1) Vi () 2 sup  J(x;m, e, T)
()€l (z)

can be derived as in KLS (1987). We review briefly the results in this Section. For any triple
(m,e,7) € A(z) and any real number A > 0, it follows from (4.2), (3.6) that

J(x;me,m) = E _/OT e 71Uy (c(t)) dt + 66TU2(Xx’W’C(T))]

< E -/T e Pty ()\eﬁtH(t» dt + e_ﬁT(jz(/\eBTH(T))] + A E [H(T)X$7W7C(T> * /T H{t)e(?) dt]
LJO '

< E / e_ﬂtffl()\eﬁtH(t))dt+e_BTUQ()\eﬁTH(T))] + Az,
LJo

with equality if and only if

(6.2) Xo™e(r) = L(ATH(7)), and c(t) =L (ANH(t), VO<t<T  as.



(6.3) E |H(1)X®™(1) + / H(t)c(t) dt] =z
0
hold. It develops that we have V;(z) < infyso [j()\; T) + )\1:} forall 7€ S, as well as

(6.4) V(z) = supVy(z) < supinf [j()\; T) + )\:c}
TS res§ A>0

with the notation

(6.5) JnuT) 2 E [ / ' e UL (NPT H (1)) dt + eﬂfUQ(AeﬁfH(T))] .
0

In order to proceed, we shall need the following assumption (see Remark 6.7 for discussion).

Assumption 6.1: E [SUPogth (H(t) - L(AePTH(t)) + fOT H(t)I; (\e""H (1)) dt} < 0o, forall
A€ (0,00).

Under this assumption, for any given 7 € S, the function X : (0,00) — (0, 00) defined by
(6.6) X\ E2E U HU)L (NP H(t)) dt + H(r) 'IQ(/\e”BTH(T))] ,  0<A<oo
0

is a continuous, strictly decreasing mapping of (0, 00) onto itself with X (0+) = oo, X;(c0) = 0;
thus X;(-) has a continuous, strictly decreasing inverse Y, (-) from (0, c0) onto itself. We define

(6.7) €(r) 2 L(Ve(x)e H(r))  and  17(t) 27 (Vr(z)e” H(t)), 0<t<T
so that, in particular,
(6.8) E |:H(T)f$(7') + /OT H(t)n"(t) dt] = .

LEMMA 6.2: For any 7 € S, the random variables of (6.7) satisfy

(6.9) E [eﬁTUg (&°(7)) +/0T e U (1)) dt} < oo,

and for every portfolio/consumption pair (m,c) € Il (x) we have

6.10) E [ / UL (e(t)) dt +e_ﬁTU2(XI”T’C(T))] <E [ / U (1) d + e U e ()]

0 0

Lemma 6.2 can be proved by arguments similar to those used in the proof of Theorem 3.6.3
in Karatzas & Shreve (1998). We conclude from it that, if there exists a portfolio 7,(-) such that

(7, ¢;) is available at initial capital > 0, where ¢, (+) 2 n*(-)1j0,7((), and if

(6.11) X#mer (1) = £%(7),



holds almost surely, then the pair (7;,¢;) belongs to Il (x) and is optimal for the utility max-
imization problem (6.1). The existence of such a portfolio will need the assumption of market
completeness, as we shall see in the next lemma.

LEMMA 6.3: For any 7 € S, any Fr—measurable random variable B with P[B > 0] = 1,
and any progressively measurable process c(-) > 0 that satisfies ¢(-) = 0 a.e. on [1,T] as well as

E [H(T)B + fOT H(t)c(t) dt} = x, there exists a portfolio process w(-) such that, almost surely:
X®™C() >0, 0<t<T  and  X"™°(r)=B.
Proof: We begin with the strictly positive, continuous process X (-) defined by

£ 1l g, [7<7>B+ | Aets)ds

X() v(t) ' A

.7:15:| 3 0 S t S T.
This process satisfies

X(0) = Eq [V(T)BJF /0 " (s)e(s) ds] —E [H(T)B—f— /0 " H(s)e(s) ds} =2, and X(r)=B as.

On the other hand, the Pp—martingale M (-) 2 YO)X )+ [y v(s)els) ds = Eo [y(1)B + [ v(s)c(s) ds|F]
admits the stochastic integral representation

M) =2+ /Ot W (s)dWo(s), 0<t<T

for some F—adapted process 1 (-) that satisfies fOT | ¥(s) ||? ds < oo almost surely (e.g. Karatzas

& Shreve (1998), Lemma 1.6.7). Define 7(t) 2 (o*(t))"Yp(t)/M(t), 0 <t < T and check from
(3.3) that X(-) = X®™¢(-), almost everywhere on [0, 7] x Q. O

Remark 6.4: Note that the martingale M(-) is constant, and thus we have ¥(-) =0, n(-) =0, a.e.

on the stochastic interval [, T]; in particular, X*™¢(t,w) = B(w)efft(w) r(uw) du, a.e. on [r,T]. In
other words, at the stopping time 7 all investment in the stock-market ceases, and all proceeds are
invested in the money-market from then on.

We have proved the following result.

PROPOSITION 6.5: Under Assumption 6.1, for any 7 € S we have

(6.12) Vo(@) = inf [J(0r) + Az| = J(Dr(2):7) + 2)r (@),

and the supremum in (6.1) is attained by the consumption strategy ¢-(t) = I (V- (x)eﬂtH(t))l[OJ) (t)
and some portfolio 7-(-) that satisfies (6.11). Moreover,

(6.13) V(z) = ilelg Vi(z) = ilelg /1\1;% [j()\; T) + )\x] = ilelg {j(yT(x); T) + :ByT(x)} .



Ezample 6.6 (Logarithmic utility functions): Uy(z) = dlogz, Usz(x) = logx for x > 0 and
some § € [0,1]. In this case the Assumption 6.1 is satisfied, and we have I1(y) = d/y, Ui(y) =
dlogd — d[1 4+ logy] and I2(y) = 1/y, Us(y) = —1 — logy. Hence, with

/Otﬁ*(s)dW(s)—i—/ot (r( )+ ”9(2)”2 ﬁ) ds

and with the convention dlogd =0 for § =0, we have
Jur) = Be 7 (Q(r) — (1 +log X)) +5-IE/OT eﬁt(@(t)—(1+1ogA))dt+510g5-E/OTeﬂtdt
for any stopping time 7. It develops that X;(\) = K,./X and thus Y, (z) = K, /x, where

K, SE [eﬁT—i-é/OTeBtdt} )

From Proposition 6.4, the value function of the problem (11.7) is given by

V(z)=sup E BT{log(x/K ) +Q(1 }+5 /0 ﬁt{log(x/K ) +Q(t }dt

TES

a quantity that is, in general, very difficult to compute. It is not even clear whether the supremum
in this expression is attained (see Example 9.3 in this regard). However, in the special case 3 =0
and 6 = 0, the above expression can be reduced significantly to

-
1
V(z)=logz+sup E [ [r(u)+ = | 0u) |?]du

TES 0 2
and amounts to solving a standard optimal stopping problem. This latter has the trivial solution
7 =T for r(-) > 0.
Remark 6.7: A sufficient condition for Assumption 6.1 is that
(6.14) L(y)+DL(y) <k +ky @ Vye (0,00)

holds for some constants k1 > 0, k2 > 0 and « > 0. Indeed, under (6.14) we have

E [ sup (H(S)'Ij(/\eﬁsﬂ(s))ﬂ <kE [ sup (H(s))| + koA [ sup (H(S))la] < 00
0<s<T 0<s<T 0<s<T
for j = 1,2, as is easy to check using Holder’s inequality, Doob’s maximal inequality, and the

boundedness of market coefficients. This is because, for any p € R, there exist positive constants
C1, C5 such that

]E[sup (H(t))p] = E

0<t<T

ap 020] = 18 g ]

0<t<T 0<t<T

IN

cl.]Elsup <6 p I 07 () AW (5)— 22 [ ]6(s ||2ds>. sup (e’””z‘”f(fe(swds)]

0<t<T 0<t<T

IN

Cr-E [ Sup (6 IS (5) AW (=55 [S10Gs n““)] <.

0<t<T



7 Pure Optimal Stopping Problems

The representation (6.13) for the solution of the utility maximization problem in Section 5 is not
entirely satisfactory. It is not clear how the quantities V- (z) are related to each other for different
stopping times 7 € S, except in some very special cases. Furthermore, it is not easy to compute
the last supremum in (6.13), or even to decide whether it is attained or not. All these points are
illustrated in the Example 6.6 of a logarithmic utility function. In this section, we shall try to
convert the original problem into a family of pure optimal stopping problems, for which we can
obtain a better understanding. To this end, we define, for every A\ € (0,00), the following dual
optimization problem

(7.1) 146N 2 sup J(\;7) =sup E [/ e UL (NPT H (1)) dt + e P U (NPT H (7))
TES TES 0

of pure optimal stopping type, in the notation of (6.5), (4.2), (2.6). To ensure that the problem of
(7.1) is meaningful, we impose the following assumption throughout.

Standing Assumption 7.1: For any A € (0,00) we have V(/\)~ < 00, and there exists some
stopping time Ty which is optimal in (7.1), i.e., such that V() = J(A;Ty).

Here and in the sequel, we denote by S the set of stopping times that attain the supremum in
(6.5), for every given A > 0. It follows from (6.4) that we have, in the notation of (7.1):

: < sup inf |J(\; < J(\; = inf |V :
(7.2) V(z) < ilelg ;\r;fo [J()\, T) + )\a:} < )1\1;% I;Srlelg J(\;7T) + )\x] )1\2% [V()\) + /\m}

We wish that the inequalities in (7.2) would always hold as equalities. Unfortunately, it turns out
that the second inequality in (7.2) might be strict, depending on the coéfficients of the model and
on the initial capital z. We shall see this more clearly in the following sections.

Remark 7.2: Standing Assumption 7.1 holds if condition (5.4) is satisfied. This is because the

continuous process Y*(t) 2 fot e P50y (AP H(s)) + e PtU(NPPH(t)), 0 <t < T satisfies in
this case E[supg<,<r [Y(t)|] < co . Indeed, it is easy to check that (5.4) implies

(7.3) max{ﬁl(y), Ug(y)} < ki+ ksy™“, Vo< A< oo

with o = 6/(1 — §), ks = (1 — 0)(k26%)/(1=9) (cf. KLSX (1991)), and it follows from Remark 6.7
that V(A) < I [supgeyer [YAO)|] < by + ksA~® - B [SupOStST (H(t))‘“} < co. Standard results
in the theory of optimal stopping (e.g. Theorem D.12 in Karatzas & Shreve (1998)) guarantee then
the existence of an optimal stopping time.

8 Analysis of the Optimal Stopping Problem

In this section we shall derive our main results for the optimization problem of (11.7), by first
establishing several properties of the “dual” value function V(-) defined in (7.1). It is not a trivial
matter, to decide whether the value function V(-) of our “primal” problem (11.7) inherits the

10



concavity of U(-). Indeed, even the continuity of V(-) is not quite clear a priori. However, properties
of convexity and monotonicity are relatively straightforward for the dual value function V() of (7.1).

LEMMA 8.1: The function V(-) of (7.1) is strictly convez, strictly decreasing. In particular, it
is continuous and almost everywhere differentiable.

Proof: Forany 0 < A1 < A2 <00, 0 <s<1,and A\g = 3)\1+(1 $)Aa, we have V(X)) = J(Ag; 72) <
J(A1;72) < V(\) from the Standing Assgmptlon 7.1, where 7; € S, , ©=0,1,2 are optimal
stopping times, and V' (X\g) = J(Ao; 7o) < sJ(A1;70) + (1 —5)J(Aa;70) < sV (A1) + (1 —5)V(A). &

It follows from Lemma 8.1 that the right— and left— derivatives

(8.1) AET()) 2 Jim L7+ h) =)

of the convex function V() exist, and are finite for every A € (0,00). Furthermore, the strict
convexity of V'(-) implies
(8.2) ATV(AN) < ATV(A) < ATV (A) <0, YO0< A <\ < oo,

and ATV (.) (respectively, A~V (-)) is right— (respectively, left—) continuous.

LEMMA 8.2: For every X € (0,00) and any optimal stopping time T € SA, we have
(8.3) ATV < =X, (\) < ATV ().

Proof: The convexity of Uj(-), j=1,2 gives

~_/

(8.4) Uj(y)(x —y) < Uj(x) = Ujy) < Uj(a)(z —y), V0 <a,y<oo,

and for any real number h with |h| < A we obtain

VIA+h) =V = VA+h)—JXw) > JA+hi5) — J(s )

Y

h- ]E[/ H(#)U, (AP H (1)) dt + H(72)Ty(AeP H(72)) | = —hXs, (N).

The last equality follows from (4.3) and the definition (6.6) of X:(-). Letting h — 0, we deduce for
arbitrary A € (0,00):

ATV = Jim S [V(A+h) = V)] 2 =X, (M) > lim EW(A +h) = V()] = A7V,

COROLLARY 8.3: If V(-) is differentiable at X > 0, then V'(\) = —X; ()).

LEMMA 8.4: We have limyjg A*V(X\) = —00. Moreover, we also have limyjoo AFV(N) =0 if
Assumption 6.1 holds.

Proof: From the decrease of the function I(-), the Monotone Convergence Theorem, and I(0+4) =
00, it follows that limyjg Xz, (A) > limyjo E [infocs<r (H(s) - T2 (A" supgc <7 H(s)))] = o0, so
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by Lemma 8.2 and the inequality (8.2) we obtain limy;o ATV()\) = —oco. Now suppose that
Assumption 6.1 holds; we have then

0< /1\1Trono X (N) < /1\1%10 E L;lslgT (H(s) Iy (AeﬁsH(s)>) + /OT H(s)- I (A" H(s)) ds] =0

from the decrease of the functions I;(-), the Dominated Convergence Theorem, and I;(c0) =0, j =
1,2. It follows again from Lemma 8.2 and (8.2) that limy;e ATV (A) = 0. %

We shall define, for each given A > 0, the following subset
(8.5) Gy 2 {Xﬂ(x)/ 7y is optimal in (7.1), Le., 7 € SA}

of R*. It follows from (8.2) and (8.3) that the sets {Gx},. satisfy the following properties:
(i) Gy is non-empty for every A > 0,
(i) GyNGy =0, if A%,
(iii) for any 0 < v < A < oo and z € Gy, y € G,, we have x < y.

Let us also introduce the set

(8.6) G = Jo
A>0

We can state now the main result of the paper. This explains, in particular, when we can expect
to find an optimal triple in (11.7), and to have equality in (7.2).

THEOREM 8.5: For any x € G, the value V(x) of (11.7) is attainable and we have

(8.7) V()= inf [f/()\) + Ax} .

Conversely, for any x € (0,00) that satisfies (8.7) and for which the value V(x) of (5.3) is attain-
able, we have x € G, provided that Assumption 6.1 holds.

Proof: Suppose z € G, for some v > 0, and z = X; (v) for some stopping time 7, € S, which is
optimal in (7.1) with A = v, i.e. with

(8.8) V(v)=J(v#) = E[/OTV e U (veP H (1)) dt + e P Uy (ve’™ H (%)) |.

Then we claim

(8.9) V(z)=V(v)+ve= /1\1;% [V(A) + Az].

Indeed, by Lemma 8.2, we have —x € A~V (v), ATV ()], so that V() = V(v) > (—z) - (A —v)
or equivalently V(A) + Az > V(v) + vz, VA>0.

Sincex = X;, (v) = E [H(%V)Ig(uem”H(%y)) + Jor H(t) (veP H (1)) dt} , it follows from Lemma
6.3 and Lemma 6.2 that there exists a portfolio process #(-) with X%%¢(3,) = Iy(vef™ H(%,)),
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where ¢(t) 2 L (vePtH(t)) 1j9,7)(t). The expected utility J(z; 7, ¢, 7,,), under the portfolio/consumption

strategy (7, ¢) and the stopping time 7, is thus

V(x)

v

J(x;7,6,7) =E [ /0 " e UL (I (veP H (1)) dt + e P UQ(IQ(ueﬁ*vH(%V)))]

- ]~E /0 K e‘ﬁtﬁl(yeﬂtH(t))+e_5%”ﬁ2(l/eﬂ%”H(7°,,))} +u~1E[H(@)X“‘“é(+,,)+ /0 K H(t)é(t)dt}

= V() +ve=inf [V(A) + Azl

[ —

and (8.9) follows then from (7.2). In particular, the triple (7,¢,7,) in A(z) is optimal for the
original optimization problem of (5.3).

Conversely, suppose that (8.7) holds for some positive real number z, for which the value V (z)
of (5.3) is attained by some optimal triple (7%, c*,7*) € A(z). In other words,

(8.10) V(z) = inf [VA) + x| = J(z; 7%, ¢, %) < Vi ()

in the notation of (6.1). Suppose also that Assumption 6.1 holds. By Lemma 8.1 the function
A— V(N + Xz =: G()) is strictly convex, with G(0+) = V(0+) and G(c0) = oo. Thus, either
there exists a unique v > 0 such that

(8.11) V(v)+ve = /1\1;% [V(A) + Az ],

or else we have V(0+) < V(A\) 4+ Az, VA > 0. This latter possibility can be ruled out easily; it
cannot hold if V(0+) = oo, whereas with V(04) < oo it leads to limMo(—A*V(A)) < x which is
impossible, by Lemma 8.4. Therefore, (8.11) holds for a unique v > 0 and leads, with (8.10) and
Proposition 6.4, to

(8.12) Viz) = f/(u) +vx > j(l/;T*) +vx > }\I;%[j()\;T*) + Ax] = Vi () > V(2).

We obtain V(v) = j(y; ™), aswell as J(v;7%) 4+ v = infysq [J(A; 7*) + Az]  from (8.10), (8.12),
or equivalently, 7* € S, and v = Y;«(z). Thus x = X;+(v) € G,, which concludes the proof. O

COROLLARY 8.6: Under Assumption 6.1, for any v ¢ G = (Jy509r, we have the strict in-

equality (“duality gap”): V(x) < infyso[V(A) + Az].

COROLLARY 8.7: Under Assumption 6.1, and if f/() is differentiable everywhere, the value
V(z) of (5.3) is attainable and (8.7) holds for every x € (0,00).

Proof: Since every differentiable convex function is continuously differentiable (cf. Rockafellar
(1970), Corollary 25.5.1), V'(-) is continuous. By Lemma 8.4, the range of V'(-) is (—oc,0). It
follows from Corollary 8.3 that G = (0, 00), and Theorem 8.5 applies. O

COROLLARY 8.8: Under Assumption 6.1, suppose that for any A € (0,00) there exist two
sequences {)\gi)} with )\7(1+) LA )\%_) T X, as well as stopping times T € 5')\, %ﬁi) € S’/\(i) such that
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FH Lz a.s.; then the value V() of (11.7) is attainable and (8.7) holds for every x > 0.

Proof: By Corollary 8.7, we need only show that f/() is differentiable everywhere. From (8.4)
and (4.3) we have

VD) -V < JOE; ) - T D)
+E A
< —(OW —)\)~]E[ HOL(ADPH ) dt + HFED) LD P 1 (D))
0

which implies

A*T()) = lim < limsup —XA<+)()\£L+))) — X))
A AT = AGH A ™
~ Y40\ AR 7,
Ai‘/()\) = lim ()\n(_) ( ) > lim inf (—XA(,)()\gf))) = —Xf;()\)
A A, = A PYSRAPY n

by the Dominated Convergence Theorem. From (8.2), V'(A\) = ATV(A\) = A"V (A) = =X (\). O

Corollaries 8.7 and 8.8 provide simple sufficient (but not necessary) conditions, under which
there is no “duality gap” in (7.2) — i.e., its leftmost and rightmost members are equal. The follow-
ing proposition will characterize this kind of interchangeability of “inf” and “sup” operations from
another point of view, namely, the concavity of the “primal” value function V().

PROPOSITION 8.9: Under Assumption 6.1, the following two statements are equivalent:
(A) V() is concave on (0,+00),

(B)  V(z)=1infrso[V(X) + Ax] holds for every x € (0, 00).

Proof of (B) = (A) : Under condition (B), the number —V'(z) is the pointwise supremum of
the affine functions g(\) = —\z — p such that (z, 1) belongs to the epigraph of V(-). Hence —V/(-)
is a convex function (Rockafellar (1970), Theorem 12.1), or equivalently V(-) is concave.

Proof of (A) = (B) : By Lemma 8.4 and (8.2), it is sufficient to show that for any (v,z) €
(0,00) x (0,00) such that — ATV (v) <z < —A~V(v), we have V(z) = V(v) + va.

Let xg 2 ATV (v), 2 —~ A~V (v). Since V(-) is strictly convex and differentiable except on

a countable set, we can find a sequence of positive real numbers {\,}, such that A\, | v as n — oo,
and ~f/() is differentiable at each A,. Define yj, 2 —V'(An). Tt follows from the right-continuity of
ATV (:) that —y, = ATV(N\,) | ATV (v) = —x¢. However, Theorem 8.5 and Corollary 8.3 assert
that

(8.13) V(ya) = inf [V(X) + Aga] = V(0n) + Antin

Letting n — oo we obtain

(8.14) V(zo) = V(v) + vao,



thanks to the continuity of V/(-) (which is concave, by assumption (A4)) and of V(-) (which is
convex, by Lemma 8.1). Furthermore, we claim that A7V (zg) < v. Indeed, it follows from (8.13)
and (8.14) that

V(yn) — V(xo) = f/()\n) + \Yn — V(u) —vxg > A+f/(y)()\n — V) + AYn — V0o = A (Yn — Z0),

hence

(8.15) A"V (2g) = lim Viyn) =V(@0) o iy, =
n—00 UYn — Lo n—00

Similarly, we obtain

(8.16) V(1) = V) + vy and ATV (x1) > v

However, A~V (x¢) > ATV (z1) holds from the concavity of V(-). It follows from (8.15) and (8.16)
that A7V (xo) = v = ATV (21), or equivalently, A"V (z) = AV (z) = Vieg)=v,Va<z<ux.
It is clear now that V(z) = V(v) + va = infy> [V(A) + Az] holds for any zo < z < z;.

9 Examples

Using the technique developed in the preceding section, we study here several examples, including
one which shows that optimal strategies need not always exist (see Example 9.3). The first of
these examples can also be treated using the methods of Section 6, but for the second and third
examples the methodology of Section 8 is indispensable. The reader of this section should not fail
to notice the rarity of a setting, where utility functions of power-type are much easier to handle
than logarithmic ones.

EXAMPLE 9.1 (Utility functions of power-type): Uj(x) = z%/o where 0 < a < 1, j = 1,2.
In this case the condition (5.4) is satisfied and we have I;(y) = y~ /=) and U;(y) =y~ /v with
v =a/(1 —a), j =1,2, so that Assumption 6.1 is also satisfied (see Remark 6.7) and implies
K < oo in (9.2) below. We obtain easily

(9.1) V(\) =sup E [ / e PUL(NPTH (1)) dt + e PTU(NPTH (7)) | = ;A‘“’,
TS 0

with

9.2) KZsuwp K,, where K, 2FE [ / e B (H (1)) 7 dt + e DT (H (7)) 7]
TES 0

Clearly V(-) is differentiable everywhere, and it follows from Corollary 8.7 that V() = infyso [V (A\)+
Az] = K'=® 2%/a. In other words, with utility functions of power-type, the original optimization
problem is reduced to the pure optimal stopping problem (9.2). We can arrive at this conclusion also
using Proposition 6.4, since we have X, (\) = K, A~V Y (2) = (K, /)"~ J(\7) = %/\_V,
and thus V(z) = £ K17 from (6.12), (6.13).
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The optimal stopping time 7 for the original problem is also optimal for the problem of (9.2),
the corresponding optimal consumption ¢é(-) and wealth-level X*™¢(7) = £%(7) are given as
x Bt 1 X BT 1

ét) = e e (H(t) ==, 0<t<7, §°(7) = e (H(7)) ==

by (6.11), and the optimal portfolio process 7(-) can then be obtained from Lemma 6.3.
It is straightfoward to check that 7 =0, K =1 if

r(t) 1 2
527 |1 13160 |, vosesT

holds almost surely, and that 7 =7, K = Kp if

rit) 1 2
< ——+— |6t Vo<t<T
s | i v o], vosis
holds almost surely. This observation provides a complete solution to the optimal stopping prob-
lem of (9.2) in the case of constant interest-rate r(t) = r € R and relative risk 0(¢) = 0 € R™; in

_r_

2
i T @), every stopping time 7 € Sy 7 is optimal in (9.2) and K = K, = 1.

particular, if 8 =~y (
EXAMPLE 9.2 (Logarithmic utility function from terminal wealth only, with > 0): Us(x) =
logx for x > 0 and U;(-) = 0. This is the setting of Example 6.6 with § = 0; Assumption 6.1 is
now satisfied trivially.
(i) b(-) = r(-)1,,. Since we have 6(-) = 0 in this case, it follows that J(\;7) = —E[e (1 +
log A + A(7))], where

¢
A(t,w)éﬂt—/ r(s,w)ds, VO0<t<T.
0

We claim that

if % — BA(t,w) is strictly increasing for almost every w €

(e.g., if r(t)=r > (), then (8.7) holds.

In order to check this, let 7y 2 inf {t >0 / %Et) — BA(t) > B(1 +logA) } AT. Tt is not difficult

to see that 7\ € Sy, since —e PHM@(1 + log A + A(Fy(w),w)) is then the minimum of the path
e (1 4+ log A + A(t,w)), 0 <t < T. Moreover, the condition of Corollary 8.8 is satisfied, and
T, — Ta if Ay — A, It follows that

V(z) = ;\I;% [J(A; Ta) + Az].

The optimal stopping time for the original optimization problem is 7 = 75, where A > 0 attains
the infimum in the above expression. The corresponding optimal level of wealth X%70(#) = £%(7)
is given by (6.11) as
TiA\ £ f+ r(s) ds—p7
6 (7—) - E(efgf-) €’o ’

and the optimal portfolio process 7(-) can be derived from Lemma 6.3.
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(ii) A general result for the logarithmic utility function seems difficult to obtain, as we saw
already in Example 6.6. Nevertheless, using the theory of Section 8 we shall establish the following

property:

V(x) is attainable and (8.7) holds for every x > 0, if there exists a unique

(9-3) optimal stopping time solving the optimization problem (7.2) for every A > 0.

The rest of this paragraph is dedicated to the proof of the statement (9.3). Consider the continuous
process

YAH) 2 e TP H(E)) = —e P 1+ log A + Bt + log H(t))

and its Snell envelope, given as an RCLL modification of the supermartingale
ZMt) £ esssup,cs, , EYVMT)|F],  0<t<T

with Z*(0) = SUPres, o EY*7) = V()\). We claim that Z*() is actually continuous. Indeed,
since the random variable supy<,«r Y*(t) is integrable by Remark 7.3, the Snell envelope Z*(-)
admits the Doob-Meyer decomposition Z*(-) = Z*(0) + M*(-) — A*(-) (Karatzas & Shreve (1998),
Theorem D.13) where M*(-) is an RCLL martingale and A*(-) is continuous and nondecreas-

ing. But any RCLL martingale of the Brownian filtration is continuous (Karatzas & Shreve

(1991), Problem 3.4.16), hence M?*(-) is continuous, and thus so is Z*(-). The stopping time

T 2 inf {te0,T) / Zz*(t) =Y t)} AT is the smallest optimal stopping time in S\, whereas

the stopping time p} 2 inf {t €[0,7T) / ANt) > 0} AT is the largest optimal stopping time in
Sy (Karatzas & Shreve (1998), Theorems D.12 and D.9; El Karoui (1981)). In particular, the
uniqueness property (9.3) amounts to the statement: P17} = p3] =1, for all 0 < A < oo.

Moreover, A — 7y is increasing, that is, for any A > v we have 7y > 77 almost surely. To see
this, observe that Y*(t) — Y”(t) = —e P!log()\/v) and obtain

ZANt) - 27 () = esSSUP ¢, E[Y(7)|F] — esSSUP ¢, - E[YA(7) 4+ e P log(\/v)|F]
> essSUDres, 1 E[YA(7)|F] - {esssupTest,T E[YN7)|F] + e P log()\/y)}
= Y t)-Y"(t)
almost surely, for any given 0 < ¢ < T. By the continuity of Z(-) and Y(+), it follows that
P [Zk(t) —YMt) > Z¥(t) = Y¥(t), forall 0 <t < T] =1,

which implies that 73 > 7,7 almostly surely, since Z(-) always dominates Y'(-). It is not difficult to see

A . . . . .
that 7‘% = lim;, oo 7‘; 41 are stopping times, thanks to the continuity of the filtration IF. Moreover,

they both belong to S\, which is an easy exercise on the Dominated Convergence Theorem (we
omit the details).

Now we can prove our assertion (9.3). Clearly it must hold that 75 = 7';_ = 7, by uniqueness
of optimal stopping time. It follows from Corollary 8.8 that V' (x) is attainable and (8.7) holds for
every x > 0.

17



EXAMPLE 9.3 (A case where NO optimal strategy exists): We present now an example which
shows that optimal strategies need not always exist for every initial capital = € (0, 00).

Consider the logarithmic utility functions as in Example 6.6 with 6 = 0, i.e. Ui(-) = 0 and
Us(x) = log z, discount factor § = 1, and model parameters m =1, r(-) =0, b(-) =0, o(-) =1 in
(2.1), (2.2). In this case we may take c(-) = 0 since there is no utility from consumption, and for a
given initial capital x > 0 the wealth process X%7(-) = X*™9(.) corresponding to a portfolio 7(-)
satisfies

(9.4) dX®T(t) = X®T(t)m(t) dW (), X*7(0) = x.
It is not difficult to check that

(9.5) V(A = itelg JA7) = 31615 E [-e "(1+logA+71)] = Dax F(\t),

where F(A;t) 2 e !(14+1logA+1t), X >0, t>0. Note that the function ¢ — F(\;t) at-

tains its maximum on the interval [0,7] at one of its endpoints, that is, maxo<i<7 F(\;t) =
max{F'(X;0), F(\;T)}, since et%()\; t) = log A +t is increasing. It follows then from (9.5) that

. —(141log ) ; 0< A< AN(T)
(9.6) V(A)_{ —e_T(l—l—logg)\—i-T) ; AM(T)<A<oo }

where A\*(s) 2 exp{(s/(e* —1)) — 1} € (0,1) is determined by the equation
(9.7) 1 +log \*(s) = e °(1 +log A*(s) + s).

Clearly, V() is not differentiable at A = X\*(T"). Moreover, it is easy to verify that Gy = {1/\}
for 0 < A < A*(T) and that Gy = {e T/} for A > X\*(T), thus

(9.8) G={J G = (0,20(T)] U [21(T), )

A>0

with zo(s) 2 e )\*( ) € (0,1) and z1(s) 2 )\%(s) € (1,00); we omit the details of these computations.

It should be noted that z1(-) is increasing with z1(0+) = 1, z1(c0) = e, whereas x(-) is decreasing
with 29(04+) = 1, z¢(o0) = 0.

Now with Vj(x) 2T logxz and Vi(z) 2 log z, let us consider the concave function

G(z) 2 inf[V(\) + ]

A>0
Vo(z) ;o 0<z<uxo(T)
= Vo(ao(D) st + Vi@ (D) s 2o(T) <z <a(T) o
Vi(z) ;o 21(T) <x < oo

see Remark 9.4 for discussion. We have V(z) = G(x) for = € G from Theorem 8.5, or

Vo(z) ;5 0<x<uzo(T)
(9.9) V(x):{v(i(x) ; x1(T)§acO<oo }
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In particular, the optimal strategy is to keep all the wealth in the money-market (i.e., 7(-) = 0)
and to wait until the terminal time 7', if the initial capital = is in (0, z¢(7)], whereas the optimal
strategy for © > x1(7T) is to stop immediately.

But how about an initial capital x € (z¢(T),z1(T))? From Theorem 8.5 and Proposition 8.9
we know that, either V(z) < G(z) for some = € (xo(T"),x1(T")) (which will give us a nonconcave
value function V(-)), or else V(z) = G(z) for all x € (zo(T),z1(T)) (in which case no optimal
strategy exists).

We claim that the latter is the case. In other words, V(x) = G(z) for all z € R™, but no optimal
strategy exists for x € (xo(T),z1(T)). Actually, for every z € (xo(T),z1(T)), a maximizing
sequence of strategy pairs {(my, 7))}, can be constructed so that J(z;m,, 7,) — G(x) as n — oo;
this proves, in particular, that V(-) = G(-) on (zo(T),z1(T)). Indeed, consider the wealth process
dX*"(t) =nX*"(t)dW(t), X*"(0) = z, and let

(9.10) T

inf {t >0 / X®"(t) <ao(T —t)} AT,

(9.11) TP 2 inf{t>0/ X"(t) > a (T —t)} AT

Recall 2o(0+) = 21(0+) = 1, so that T§) AT]* < T holds almost surely. We define the portfolio /
stopping time pair (7, 7,) by

A A
(912) Wn(t) =n- 1{t<T1"/\T6L}’ 0 S t S T and Tn = Tln . 1{T1TL<T6L} + T. 1{T1”ZT(?}

This means: if the wealth reaches the curve x1(T — -) before reaching the curve xo(T — ), stop
immediately when this happens; if the wealth reaches the curve (7T — -) before reaching the curve
21(T — ), then put all the money in the bank account and wait until the terminal time 7T'; and
up until the first time that one of these curves is reached, keep an amount of n dollars invested in
stock. Clearly,

(9.13) X0 () = oo(T = 17") - Yyzp<rpy + 21(T = 17') - Lirp <1y

Moreover, since 7,(+) is bounded, the wealth process X*7(-) is a martingale, and the optional
sampling theorem gives

(9.14) z = E[X%™ (1,)].

Because T§' = inf {t >0/ W(t) < %nt + %log (W)} AT — 0 almost surely as n — oo, it

follows from (9.13) and (9.14) that zo(T)p, +21(T)(1 — pn) — x as n — oo, where p, 2 P(T§ <
1) =1—-P(I7" < T{), or equivalently

_nl) -z as m s o0
915 P )~ wolT) |

On the other hand, the expected discounted utility corresponding to (7, 7,) of (9.12) is

J(z; 70, ) = E [e T log (zo(T — T)) - Lirn<rpy + log (e_Tlnml(T — TI”)) : 1{T1"<T51}] .
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We conclude the proof by noting from (9.15) and the Dominated Convergence Theorem, that

x —x0(T)

; Ty Tn) = e L log x : o) — = 21(T) — zo(T)
lim J(x; 7, ) log zo(T) x1(T) — zo(T)

Jim. 21 (T) = 20(T) +log 1 (T) -

= G(z).
Remark 9.4: The tangent to the graph of Vj(-) at z = x¢ 2 zo(T), and the tangent to the graph
of Vi() at x = a3 2 x1(T), coincide. Indeed, V{(x) = % so that the tangent fi(-) to the graph of
Vi(+), at the point = = x1, is given by

. r — I

A= """ ) = (x - 1) Tlogzy = N(T)z — (14 log \*(T)).

I

On the other hand, V{(z) = 2e~7T so that the tangent fo(-) to the graph of Vy(-), at the point
T = x0, is given by
_ T—% -1 _ T (y* T -T
folx) = ——¢ + fo(zo) = e (zX (T)e' —1) +e " logzo
0

= MN(T)x —e T(14+1log\*(T) +T).

Thanks to (9.7), these two expressions are the same.

10 Appendix A

In this section we provide an example which illustrates briefly, in a Markovian setting and with
logarithmic utility from wealth (we set ¢(-) = 0 and write X*™(-) = X*™9(.) throughout), how the
optimization problem of (5.3) can be cast in the form of a free-boundary problem for a suitable
Hamilton—Jacobi-Bellman (HJB) equation, which can then be solved explicitly.

In order to obtain such an explicit solution, we place ourselves on an infinite time—horizon so
that all stopping times 7 € Sp o are admissible, and denote the corresponding value function by

Vo(z) = sup E [6767- IOng’ﬂ-(T)'].{T<OO}]

(100) (m,m)EA(Z)

with $ > 0, for a given initial capital > 0 in the notation of (9.4). Furthermore, we assume that
the coéfficients of the model r(-) =r > 0, b(-) = b, o(-) = 0 > 0 are all constant, and impose the
assumption b # r1,,, or equivalently 0(-) = 6 # 0. For the measure—theoretic subtleties associated
with working on an infinite time-horizon, we refer the reader to Section 1.7 in Karatzas & Shreve
(1998).

Consider the following differential operator

(10.1) Lu(x)

1
—Bu(x) + rou/(x) + max <xu’(:c)7r*09 + §$2u"(az) | 7o ||2)
TeR™

(v/(x))*©?

= —fu(x) +rau(z) — 2 (z)

acting on functions u : (0,00) — R, which are twice continuously differentiable with u”(-) < 0; here
o2 | ()79 || =] (6o*)~L(b—rl,,) || > 0. By analogy with Section 2.7 in Karatzas & Shreve
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(1998), we cast the original optimization problem of (10.0) as a variational inequality, relying on
the familar “principle of smooth—fit”.

VARIATIONAL INEQUALITY A.1: Find a number b € (1,00) and an increasing function g(-)
in the space C([0,00)) N C1((0,00)) N C?((0,00) \ {b}), such that:

(10.2) Lg(x)=0 ; 0<zxz<b

(10.3) Lg(z)<0 ; x>0

(10.4) glx) >logx ; 0<z<b

(10.5) glx)=logx ; x>0

(10.6) glx) >0 ; >0

(10.7) g () <0 ; z€(0,00)\{b}.

THEOREM A.2: Suppose that the pair (b, g(-)) solves the Variational Inequality A.1, that the
ratio |g'(x)/(zg" (x))| is bounded away from both zero and infinity on (0, 00), and that the stochastic
differential equation

. . "X (¢ .
(10.8) dX(t) = X(t) [r dt — M 0 dWo(t)] , X0)=z>0
X(t)g"(X(t))

has a pathwise unique, strictly positive strong solution X (1). In terms of this process, define

" é B 0'* -1 g/(g)
(10.9) #()=—(0") 0 fg”(f)‘gxc)

Then the function g(-) coincides with the optimal expected utility Voo (-) of (10.0), the pair (7(-), 7)
attains the supremum in (10.0), and we have X7 () = X (-).

o r=if {0/ =0},

Proof: Fix x € (0,00). For any available portfolio process 7 (-), an application of Itd’s rule to
G»7(t) 2 e Ptg(X®7(t)), 0 <t < oo yields, in conjuction with (3.1), (10.2) and (10.3):

(10.10) e Pg(X (1)) — gla) - /O o & (©) . W) =

t
= [ (o en-el© + 5@ Ixo I -p0)|  as

£=X"7(s)
t
< /e_’gsﬁg(Xm’”(s))ds < 0.
0

It follows that the process G®™(t) = e Pg(X®7(t)), 0 < t < oo is a local supermartingale

. .. L. . A
under P, hence also a true supermartingale because it is positive. In particular, G%™(c0) =

limsup;_, ., G*™(t) > 0 exists almost surely, and {G"™(t), 0 <t < oo} is a P—supermartingale.
Thus

(1011) Bl log X*(7) - jpeay] < Eleg(X5 (7)) - Lreoy] < EIG™ ()] < gl2)
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holds for any stopping time 7 € Sp oo, by the optional sampling theorem and (10.4)—(10.5); in other
words, Voo () < g(x). We complete the proof upon noticing that, thanks to (10.2) and (10.5), all
the inequalities in (10.10) and (10.11) hold as equalities for the choice

a0 s
(10.12) #(t) 2 X(t)g“(f((t))( o, A f{t > 0/X(t) > b} ,
since we have 0 < g(X (7)) <logb and e #™ g(X (%)) =0 on the event {7, = co}. &

We have now to construct the solution of the Variational Inequality A.1, and to verify the
properties for the equation (10.8) assumed in Theorem A.2.

PROPOSITION A.3: Let o be the unique solution of the quadratic equation

2
(10.13) a2—<1+@+ﬂ>a+ﬂ—0
2r r r

. . A . .
in the interval (0,1), set b= e'/* and consider the function

N xa/eoz ; 0<zx<b
(1014) g(CL‘)—{ log z ; b§$<00}

Then the pair (b, g(+)) solves the Variational Inequality A.1; and the stochastic differential equation
(10.8) has a pathwise unique, strictly positive strong solution X (-).

Proof: Note that the function

e?
& +
(10.15) F(u)éu2—<1+2 ﬂ>u+ﬂ, 0<u<oo
T r

is convex with F(0) = 8/r > 0, F(1) = —©2/2r < 0. Thus F(-) has exactly one root in the interval
(0,1). Tt is clear now that (10.5)—(10.7) are satisfied since b > 1. Furthermore, notice from (10.14)
that

~1
o Jaxe 5 0<ax<b
(10.16) g(l‘)—{ /x5 b<z<o0o }

is continuous across x = b (principle of smooth-fit), which implies that the function g(-) belongs to
the space of functions C([0,00)) N C1((0,00)) N C?((0,00)\ {b}). It is fairly straightforward to check
that (10.2) holds for 0 < = < b, and that |¢'(z)/(xg¢"(z))| is bounded away from both zero and
infinity on (0,00) (cf. (10.18) below). As for (10.3), we need to prove that —gBlogx +r + 0%/2 <

0, Va >b. Since logb=1/a and # > 0, it is sufficient to verify o < o 2 B/(r+ %2) Indeed

e? e? e?
F(a*)za*(a*—2:_6—1>+ﬂ<a*<f—2+ﬁ—1>+f:a*<—2 +T>+ﬁ = 0,

T T r T

which yields o < o*. Finally, (10.4) follows readily from

1/1 1/1
g (x)— (logz) = = (xo‘—l) < = (b“—l) =0, 0<z<b.
x \e x \e

22



It is now clear that the pair (b, g(-)) solves the Variational Inequality A.1.
For the function g(-) of (10.14), the optimal wealth-process X (-) of Theorem A.2 satisfies the
stochastic differential equation (10.8), namely

(10.17) dX(t) = X(t)[rdt +v(X ()" dWo(t)],  X(0)=z>0
where

A gx) 1/1-a) ; 0<z<b
(10.18) v(z) = Coxg’(z) { / 1 ; b<z<oo }

Equivalently, the process f’() 2 log X (-) solves the stochastic differential equation
R ME . , R
(10.19) dy (t) = [7“ —~ HQH . 1/2(6Y(t))] dt +v(e¥ D)o* awy(t),  Y(0) =logw,

which has a pathwise unique, strong solution (cf. Nakao (1972)). This, in turn, means that the

equation (10.14) for X() =e¥() also has a strictly positive, pathwise unique strong solution, as
postulated in Theorem A.2. &

Remark A./: For x > b, we have 7 = 0; on the other hand, for 0 < x < b, we can write the
stopping time 7 2 inf {t > O/X'(t) > :):} = inf {t > 0/}7(t) > logb} in the form of the time

L 110]1? 1 -2« 0* b
= > > —
7 1nf{t_0/(r+ 2 (=0 t+ 1—04W(t) > log(gj)

of first—passage to a positive level by a Brownian motion with drift. Clearly, we have P[7 < oo] =
1 if and only if (1 — a)?+0|]*(1 — 2a)/2r > 0, and in light of the equation (10.13) this last
condition is equivalent to

(10.20) (5=r-tp+ ) = (5-r- 15,

In particular, if o = I,,,, the condition (10.20) amounts to

(10.21) B<r+]|b—rin*

Remark A.5: From (10.12), the optimal portfolio process is actually given as

. (O_*)—l (ao’*)*l .
. = = - m]s S ;
(10.22) 7(t) T a 6 T—a [b—rly] 0<t<7

this means that the optimal strategy is to invest a fized proportion of total wealth in every stock,
given by (10.2), up to the optimal stopping time 7.

Remark A.6: The assumption 6 # 0 is crucial for solving the Variational Inequality A.1. When
f = 0, we can have situations, as in Example 9.3, for which no optimal strategy exists. Actually,
for & = 0 and B > r, it is easy to show that the Variational Inequality A.1 has no solution (see
Example 9.2 for discussion of the case § =0, 5 < r).
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11 Appendix B

As the referee points out, it would be very interesting to study optimization over a consumption
stream that extends beyond the stopping time 7. Consider, for instance, the situation of an investor
who remains in the stock-market up until a “retirement” time 7 of his choice. At that point he
consumes a lump-sum amount £ > 0 of his choice (say, to buy a new house, or to finance some
other, “retirement-related”, activity); and from then on keeps his holdings in the money-market,
making withdrawals for consumption at some rate, up until ¢t = 7.

We can capture such a situation by changing the wealth-equation of (3.1), to read

(11.1) dX(t) =r(t)X(t)dt + X (t)7* (t)o(t)dWy(t) — dC(t), X(0)=x>0.
Here
(11.2) C(t) = /t c(u)du+ ¢ - 1[T7T](t), 0<t<T

0

is the “cumulative consumption up to time t”. This process consists of a stopping time 7 € S, a
consumption-rate process c(-) as before, and an F,—measurable random variable £ : Q — [0, 00)
representing lump-sum consumption at time 7. We say that a portfolio / cumulative-consumption
process pair (7, C) is “available” to an investor with initial capital x, if the portfolio process 7(-)
and the wealth-process X (-) = X®™C(.) of (11.1) satisfy

(11.3) m(t) =0, T<t<T

(11.4) X*™C() >0, VO<t<T and X=mO(T) >0,
almost surely. For any such pair (7, C), the investor’s expected discounted utility is given as

4

T T
(11.5) J*(z;m,C) ]E[a / e UL (e(t)) dt + e TU(€) + v / e UL (c(t)) dt

0 T
for some given constants « > 0, v > 0 and utility functions Uj(-), Uz(-). With a=1, v=0 we
recover the problem of Section 5. With o =0, v =1, the expression of (11.5) tries to capture the
situation of an investor who consumes nothing up until retirement, consumes a lump-sum amount
& at that time, and afterwards keeps all holdings in the money-market while consuming at some
rate ¢(-). The objective now, is to maximize the expression of (11.5), over the class A*(z) of pairs
(m, C') that satisfy the analogue

, T
(11.6) E [a/ e U (e(t)) dt + e PTU (€) —i—’y/ e U (e(t)) dt| < oo

0 T

of (5.2), and to see whether the value-function

(11.7) V*(x) 2 sup  J*(z;7w, C), z € (0,00)
(m,C)eA*(z)

is attained by some optimal (#,C) € A*(x). We have not yet been able to obtain a satisfactory
answer to these questions, and would like to suggest their resolution as an interesting open problem.
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